The results of experimental and numerical investigations of the onset of oscillatory convection in a side-wall heated rectangular cavity of molten gallium are reported. Detailed numerical investigations reveal that there are a pair of Hopf bifurcations which exist on two asymmetric states which themselves arise at a sub-critical pitchfork from the symmetric state. There is no evidence for this in the experiment and this qualitative difference is attributed to non-Boussinesq perturbations which increase with Gr.
Introduction
Side-wall convection is an established heat and mass transfer problem of significance in both fundamental fluid mechanics and engineering applications such as crystal growth (Müller & Ostrogorsky 1993) . A wide variety of flow fields can be generated depending on the geometry of the enclosure, properties of the fluid, boundary conditions, external fields (gravity, electric and/or magnetic fields) and the presence of phase changes. In the case of a flow in a rectangular cavity, the basic flow is a simple unicellular circulation, where motion is up the hot wall, across the top, down the cold wall and returning along the bottom. When the horizontal temperature gradient is increased however, the flow will become unsteady and eventually will be turbulent for large temperature differences. This evolution of the flow depends sensitively on the details of the system. Our interest is in the first onset of time-dependence of convective flows with relevance to metallic or semi-conductor materials processing. In practical flows, instabilities in the melt phase during crystal growth can be frozen into the solid product and degrade the performance of semi-conductor devices (Hurle 1966) . The melts are good thermal conductors, so that the Prandtl number, Pr, which is a measure of the ratio of the viscous to the thermal diffusivity is small and heat is transported primarily by conduction. Our laboratory model flow is contained in a rectangular, insulated enclosure of rectangular cross-section, where the end walls are conducting. It has relative dimensions length = 5.0 × width = 1.3 × height = 1.0, where all dimensions are scaled by the dimensional height. A schematic diagram of the geometry is shown in figure 1. The working fluid is gallium with Pr ∼ 0.02 and the flow is driven by differentially heating the ends to impose a horizontal temperature differenceT hot −T cold , while keeping the mean temperature, the cavity length is increased, raised when the depth is increased and, importantly, also raised when an external magnetic field is applied. Hart (1983) reports measurements of the critical Grashof number Gr, frequency and wavelength at the onset of oscillatory flow in a large aspect ratio cell (17.5 × 17.5 × 1.0) filled with mercury. He finds good agreement with an analytical model derived for infinitely extended layers and confirms that the dominant instability is to rolls with axes parallel to the temperature gradient.
Further experimental studies were conducted in connection with the numerical benchmark problem proposed in a GAMM workshop by Roux (1990) . and consider closed cavities filled with mercury, of aspect ratios 4 × 1 × 1, 4 × 2 × 1 and 8 × 8 × 1. They demonstrate the stabilizing influence of the side walls on the transition to oscillatory flow. For aspect ratios 4 × 2 × 1 and 8 × 8 × 1, time-dependent flows in the form of standing waves are obtained at Grashof numbers 4.23 × 10 4 and 2.22 × 10 4 . However, for the 4 × 1 × 1 case, the instability onset is delayed up to Gr = 1.69 × 10 5 . A similar stabilizing effect of the side walls is reported by Hung & Andereck (1990) who observe the transition to oscillatory convection in mercury for cavities with aspect ratios 4 × 1 × 1 and 4 × 2 × 1 at Gr = 1.5 × 10 5 and Gr = 3.9 × 10 4 respectively. For a larger aspect-ratio cavity of 17.9×17.8×1.0, Hung & Andereck (1988) obtain oscillatory longitudinal modes in qualitative agreement with Hart (1983) . However, the observed critical Grashof numbers are far in excess of those expected from theory and this is explained by the prior emergence of transverse stationary rolls which are not present in the theoretical model. Kamotani & Sahraoui (1990) report an extensive study of the effects of the container aspect ratios on the onset of oscillations in mercury. They establish that the critical Grashof number increases as the length is decreased, but find that changes in the width have a lesser influence on the onset of time-dependence. The threshold, however, also decreases as the width is increased and a minimum is obtained for a width of approximately 5 times the depth. They also point out that the amplitude of the oscillation is greater near the end walls. More recently, Braunsfurth & Mullin (1996) have established that the onset of time-dependence takes place through a super-critical Hopf bifurcation.
They observe an overall increase in the critical Grashof number with increasing Pr for a gallium-filled cavity of aspect ratios 4.0 × 1.3 × 1.0. In addition, they find four different modes of oscillation at onset in the parameter range between Pr = 0.016 and Pr = 0.022. Juel et al. (2001) report investigations of the spatial nature of the oscillation for a similar situation (aspect ratios 5.0 × 1.3 × 1.0) and find a 180 degree phase shift between the measurements of temperature oscillations taken close to the left side wall and those taken close to the right side wall. Furthermore temperature time-series sampled halfway between these two side walls display oscillations of smaller amplitude, with a frequency twice that measured in other locations.
The first theoretical predictions of the stability of flows driven by horizontal temperature gradients in conducting fluids are reported for the one-dimensional, parallel flow in an infinitely extended layer, known as the Hadley circulation. For rigid upper and lower boundaries, Hart (1972 Hart ( , 1983 determines the sensitivity of such flows to both transverse and longitudinal disturbances (corresponding respectively to perturbation rolls with axis perpendicular and parallel to the temperature gradient), whereas Gill (1974) focuses specifically on longitudinal disturbances. These results are refined by Laure (1987) and Kuo & Korpela (1988) who find that for adiabatic boundaries, the first transition is to steady transverse rolls for Pr < 0.033, and to oscillatory longitudinal rolls for 0.033 ≤ Pr < 0.2. This work is subsequently extended by non-linear analysis and for situations with an upper free surface (Laure & Roux 1990; Wang & Korpela 1989) .
These predictions for the Hadley circulation, although interesting, are in fact of limited relevance to the study of the oscillatory transitions in finite rectangular cavities. For example, as shown at the GAMM workshop (Roux 1990) , the Hadley circulation is not the appropriate base flow for the domain, at values of Gr at which oscillations occur.
Direct numerical simulations are thus required to appropriately model the high Gr regime.
Calculations performed at the GAMM workshop for two-dimensional cavities of aspect ratio 4 (length over height) show a first transition to stationary co-rotating cells, followed by a Hopf bifurcation corresponding to an oscillatory solution between a one-cell and three-cell state. By means of a continuation method Winters (1988) followed the path of this Hopf bifurcation point and finds that it increases strongly with Pr from the value at Pr = 0. Skeldon et al. (1996) extends this work by varying the aspect ratio and the inclination of the box. These two-dimensional results are believed to be relevant for cavities with a relatively large width, but may be less so for the confined cavities of interest here. Afrid & Zebib (1990) solve the three-dimensional problem for cavities with aspect ratios 4 × 1 × 1 and 4 × 2 × 1 and Pr = 0, where they assume a symmetry with respect to the longitudinal vertical plane. However, this assumption is not in accord with the experimental results of . Henry & Buffat (1998) study the oscillatory transition in a 4 × 2 × 1 cavity for Pr = 0 and Pr = 0.026. They find that the transition occurs through a symetry-breaking Hopf bifurcation giving rise to a roll oscillation. Good agreement is found for thresholds and flow symmetries with the experimental results of , , and Hung & Andereck (1990) . A more recent study by Wakitani (2001) considers a large variety of cavities with lengthwise aspect ratios between 2 and 4 and widthwise aspect ratios between 0.5 and 4.2. The onset of oscillation is investigated as a function of aspect ratios and P r in the range 0 ≤ Pr ≤ 0.027. It is found that the thresholds globally increase both with Pr and the reduction of the widthwise aspect ratio. However, these variations are not regular, indicating changes in the oscillatory modes at onset. 
Mathematical model and numerical techniques
The mathematical model comprises a rectangular parallelepiped cavity filled with a low Prandtl number conducting and incompressible fluid, and no-slip boundary conditions are applied along all walls. The cavity has aspect ratios 5.0 × 1.3 × 1.0 i.e. A x = l/h = 5.0 and A y = w/h = 1.3, where l is the length of the cavity (along x), h is its height (along z) and w its width (along y), as shown schematically in figure 1. The thermal boundary conditions are such that the side walls are adiabatic and the vertical ends are isothermal and held at different temperatures,T hot at the right andT cold at the left end wall respectively. This generates a horizontal temperature gradient which drives a convective circulation within the cavity.
The fluid is assumed to be Newtonian with constant kinematic viscosity ν, thermal diffusivity κ. The usual Boussinesq approximation is applied such that density variations Onset of oscillatory convection in molten gallium. 7 are restricted to the buoyancy term. Specifically, the linear law,
where β is the thermal expansion coefficient, T m is a reference temperature taken as the mean temperature (T hot +T cold )/2, and ρ m is the density at the reference temperature is used. The convective motion is modelled by the Navier-Stokes equations coupled to an energy equation. Using h, h 2 /ν, ν/h, ρ m ν 2 /h 2 and γ = (T hot −T cold )/A x as scales for length, time, velocity, pressure and temperature respectively, these equations are:
2) The dimensionless variables are the velocity vector u = (u, v, w), the pressure p and the temperature T = (T − T m )/γ, e z is the unit vector in the vertical direction, and the non-dimensional parameters are the Grashof number, Gr = βgγh 3 /ν 2 , where g is the acceleration of gravity, and the Prandtl number, Pr = ν/κ = µc p /k, where µ is the dynamic viscosity, c p is the specific heat coefficient and k is the thermal conductivity. Henry & Buffat (1998) show that, under the Boussinesq approximation, the steady convective flows obtained at moderate Gr in this geometry contain two symmetries: a reflection symmetry S with respect to the V l plane (left-right symmetry) and a reflection symmetry S r with respect to the y-axis (π rotation symmetry). These symmetries are defined respectively as:
and
These two symmetries may be combined to give a global symmetry S c with respect to Table 1 . Tests of numerical accuracy obtained by varying the grid refinement for steady flow calculations at Gr = 37500 and Pr = 0.0188. The two finest meshes exhibit differences between their maximum velocity components, umax, vmax and wmax of 0.03%, 2.95% and 3.5% respectively. These small differences are in fact overestimates, since the maximum values of the flow field will not generally lie precisely on the nodes of the mesh.
the centre point of the cavity (S c = S · S r ). When increasing Gr, bifurcations to new steady or oscillatory flow states may break the symmetries.
The governing equations were solved by direct numerical simulation (DNS) in a threedimensional domain, using a spectral element method, as described in BenHadid & Henry (1997) . The time discretization was carried out using the high-order splitting algorithm of Karniadakis et al. (1991) , and the spatial discretization was obtained using GaussLobatto-Legendre point distributions. All the simulations were performed with a 36 × 16 × 18 mesh and double precision arithmetic. This mesh is the optimal one available for the unsteady calculations using current computing resources: it is a compromise between numerical accuracy and practical computing times. The computations were carried out on a NEC-SX5 computer. Each time step required approximately 2 s of CPU time, and thus the calculation of an oscillatory flow from zero initial conditions took on average 14
hours. The results of mesh refinement tests performed for a steady state at Gr = 37500
and Pr = 0.0188 are given in Table 1 where it may be seen that the steady flows are highly resolved. In addition, the symmetries of the steady states were verified with zeros of velocity and appropriate temperature profiles being resolved to values of order 10 −10 . 
The thresholds Gr
and the volume integrated fluctuating kinetic energy as:
Close to the threshold, the Reynolds-Orr equation can then be written for the rate of change of the total fluctuating kinetic energy:
where
E shear represents the production of fluctuating kinetic energy by shear of the mean flow, E visc the viscous dissipation of fluctuating kinetic energy, and E buoy the production of fluctuating kinetic energy by buoyancy. The calculation of all these terms enables us to determine which contributions are predominantly responsible for the triggering of the instability through production of fluctuating kinetic energy.
Experimental methods
A detailed description of the experimental apparatus is given in Hof et al. (2003) .
Therefore we will only discuss essential details here. The apparatus is shown schematically in figure 2. The sample of liquid gallium was held in an insulating enclosure of rectangular cross-section, which was 5.0 cm long, 1.3 cm wide and 1.0 cm high. The conducting endwalls were made of 1 mm thick molybdenum sheets, which has a thermal conductivity of approximately 5 times that of gallium, and importantly, is impervious to attack by it. The insulating enclosure had 5 mm thick walls and was machined from Lexan, a transparent plastic, whose thermal conductivity is 150 times smaller than that of gallium.
Great care was taken to ensure that the cell was completely filled with gallium and sealed from the outside environment. Thus, the gallium wetted all surfaces and oxidation of the sample was avoided. Each molybdenum end wall was inset into the side of a copper box through which silicone oil, held at constant temperature, was circulated. The oil temperature was controlled to within ±0.01 K by commercial circulator baths. The experiment was further enclosed in a cabinet, whose temperature was controlled to within 308.0 ± 0.5 K.
In order to minimise heat losses from the gallium-filled cell to the surroundings, the cavity was thermally shielded as described in Hof et al. (2003) . This intricate level of experimental control was necessary to ensure the S r symmetry of the steady, experimental temperature field to within measurement error. Thus, the steady base flow generated by the present experimental setup is in close agreement with the numerical model.
The material properties of gallium depend on temperature, so that Gr and Pr are both functions of temperature. Accurate estimates of the viscosity and density of gallium are quoted by Braunsfurth & Mullin (1996) . The temperature dependence of the viscosity is given by
and the temperature dependence of density is
whereT is the temperature in Kelvins. However, the dependence of thermal conductivity is less well known. All the available data on the temperature dependence of k is given in figure 3 which was collected from Brandes & Brook (1992) , Smithells & Brandes (1976) , fit to this data shows that
and consequently, there is an absolute error in the value of the experimental Prandtl number of approximately 16%.
The experimental values of Gr and Pr were determined based on the mean temperature in the cavity T m = (T hot +T cold )/2. The maximum (minimum) Prandtl numbers available were P r max = 0.022 (P r min = 0.0154) which were reached for mean temperatures of 332 K (376 K) respectively. These limits are imposed by the freezing point of gallium (302.9 K) and the upper working temperature of Lexan (383 K).
Measurements of the convective flow were taken with 15 type K thermocouple probes of diameter 0.25 mm inserted by 1 mm into the gallium at the positions shown in figure 4 (y = ±0.55 for probes 1 to 12). All thermocouples were carefully calibrated prior to use, which enabled temperatures to be measured to an accuracy of ±0.01 K. The sampling of the data and the temperature settings of the circulators were fully automated and under computer control. Typically, temperatures were incremented (decreased) in steps of 0.1 K at the hot (cold) end respectively, which yielded a variation in Grashof of ∆Gr = 300, while the mean temperature was kept constant. The flow was left to settle for 1 hour between increments and temperatures were sampled for a further 30 minutes at a frequency of 5 Hz. A fast Fourier transform (FFT) was performed on each recorded time series and a time-dependent flow was deemed to exist when a peak of the FFT was in excess of ten times the background noise level. This method enabled us to determine the onset of oscillations very accurately, so that the error on the critical value of the Grashof number, Gr c , is less than one step size (typically ∆Gr = 300) .
Results

4.1.
Comparison between experimental and numerical onset for Pr = 0.0205
The transition to time-dependent flow in the experiment was initially investigated by setting the value of the Prandtl number to Pr = 0.0205 (corresponding to a set mean temperature of 338 K), and increasing the Grashof number from zero in steps of ∆Gr exp = 380. The steady flow loses stability to a time-periodic flow at Gr c (exp) = 42500. A typical bifurcation diagram is shown in figure 5(a) , where the standard deviation of the temperature oscillatory signal T 3 is plotted against the excess parameter exp = Gr/Gr c (exp) − 1. A square-root dependence on exp is found close to the critical point ( exp = 0), which suggests that the transition to time-dependence takes place through a super-critical Hopf bifurcation in accordance with previous results by Henry & Buffat (1998) , Braunsfurth & Mullin (1996) and Hof & Mullin (2001) . Hence, the critical value of the Grashof number, Gr c (exp), was determined using a fit, as illustrated in figure 5 (a).
Nonlinear effects become important when exp > 0.1, and the amplitude grows linearly with exp . This behaviour was observed consistently for all the probes.
In the numerical calculations, the flow was initially calculated for Gr = 60000, where it was found to be time-dependent but disordered. The Grashof number was then reduced to Gr = 56000 and the flow became periodic. Subsequent calculations were performed in seven equal steps of Gr down to Gr = 47500, which is 2.1% above the bifurcation point as can be seen in figure 5 Thus, the value of Gr c obtained from the calculations is approximately 10% larger than in the experiment. This result is very satisfactory considering the uncertainty in the thermal conductivity of gallium discussed in §3, which gives an absolute error on the experimental Prandtl number of ∼ 16%. It is also particularly encouraging in view of the complicated structure of the underlying steady flow (Juel et al. 2001) , since the transition to time-dependence occurs for relatively large values of Gr.
A comparison between experimental and numerical values of the frequency of the oscillation near onset is shown in figure 6(a) . They are in excellent agreement, i.e. in the experiment, the period of oscillation is 18.5 s at onset compared to 18.1 s in the numerical simulations. In both cases, the frequency increases linearly with in the vicinity of the bifurcation point, albeit at slightly different rates. Experimentally, the sensitivity of the oscillation to imperfections in the boundary conditions was tested by injecting a small air bubble into the cell. As shown in figure 6(b), the frequency of oscillation increased slightly, but most importantly, the frequency gradient with respect to decreased by a factor of two. Thus, the frequency growth beyond onset is very sensitive to small perturbations in the boundary conditions of the cell. Hence, the unavoidable presence of small imperfections in the experimental boundary conditions is the likely cause of the small discrepancy between experimental and numerical results.
4.2.
The dependence of the onset of oscillations on P r and Gr.
The stability of the flow in the Gr − Pr parameter plane was investigated experimentally by seeking the critical Grashof number for fixed values of the Prandtl number. The transition to oscillatory flow was initially studied at P r = 0.0154, by increasing the Grashof number in steps of ∆Gr exp = 310 and leaving the flow to settle between steps using the criteria discussed in §3. The critical Grashof number was taken to be the first value for which oscillations were detected within one hour, after a small step increase in Gr. Once mentally achievable Prandtl numbers. The experimental results are presented in figure   7 (a).
Calculating Hopf bifurcation points using DNS in a fully three-dimensional flow field requires intensive computational effort and hence the number of numerically determined bifurcation points was limited to six, and they are listed in table 2. These were all found using the procedure described in §4.1. Grashof number is clearly a continuous function of the Prandtl number over the range investigated. For all parameter values (Gr, P r) below (above) the data, the convective flow was found to be steady (oscillatory) respectively.
These results are qualitatively different to those obtained in the experiments of Braunsfurth & Mullin (1996) where a similar geometry (4.0×1.3×1.0) was used. They found that five distinct modes of oscillations were reproducibly observed over the same range of Pr. Furthermore, although the critical Grashof number shows an overall increase with Prandtl number in both experiments, the increase observed between P r = 0.016 and P r = 0.022 is approximately one order of magnitude larger in Braunsfurth & Mullin's experiment.
As discussed in §3, particular care was taken in the present experiment to ensure the accurate control of the boundary conditions. However, when the cell had not been perfectly filled and a few gas bubbles remained entrapped between the gallium and the top surface of the enclosure, a different mode was found at onset in specific parameter regimes. Twomode interactions reminiscent of those described by Braunsfurth & Mullin (1996) were also observed. Surprisingly a very small amount of air, covering less than 5% of the top surface, was sufficient to lead to significant changes in the dynamics. Hence, particular care was taken throughout this study to ensure that the cell was completely filled with gallium prior to each experiment. These observations suggest that the dynamics of the convective flow are extremely sensitive to small changes in the boundary conditions, as mentioned above in §4.1. We also believe that this sensitivity accounts for the differences with the results of Braunsfurth & Mullin (1996) , as their convection cell, for instance, was not evacuated, and the top surface of the gallium sample was only loosely covered by a lid. Hence, the idealised experimental and numerical systems under study here, both exhibit dynamics which are qualitatively different from those of more practical systems, where significant imperfections in the boundary conditions are inevitable. Interestingly however, the spatial structure of the oscillation remains the same, as will be discussed in §4.3.
Spatial dynamics of the oscillatory flow
A first indication of the spatio-temporal structure of the oscillatory flow in the numerical and experimental results was obtained using segments of the temperature time series sampled at different locations within the cell. In figure 9 , extracts of experimental and corresponding numerical time series are plotted in the left and right hand columns respectively. In each graph, T 3 is plotted with a solid line and is the reference temperature. T 6, T 9 and T 15 are shown with dashed lines in the first, second and third rows respectively. The Prandtl number is set to P r = 0.019. A relatively large value of the experimental Grashof, Gr = 49100, which corresponds to = 0.189, was chosen so that a sufficient signal-to-noise ratio was obtained. The numerical time series were taken for a similar value of the bifurcation parameter of = 0.184, i.e. Gr (num) = 55000. It is clear from figure 9 that the spatial features of the oscillation in the experiment and the numerical simulations are closely matched. The absolute values of the amplitudes of the experimental and numerical time series, e.g. T 3, differ by a factor of approximately 1.5.
However, remarkably, the amplitudes of T 6, T 9 and T 15 relative to T 3 are similar in both sets of results. This is an indication that the oscillatory flow mechanisms have the same fundamental characteristics. In addition, the temperatures measured at the locations T 3 and T 9 are 180
• out of phase, and this phase shift was observed consistently between temperature signals sampled on opposite lateral walls. Similarly, signals measured on the same lateral wall are closely in phase, as illustrated in figure 9 by the comparison between T 3 and T 6. Finally, the experimental time series sampled at T 15, which is lo- the same phase relationships between T 3 and T 15 are observed in both experiments and DNS, as can be seen in figure 9 .
The numerical simulations offer the advantage that the complete flow field can be visualised, and thus, they were used to gain insight into the oscillatory instability mechanism.
The mean flow field was calculated for Gr = 49000 and P r = 0.019 by averaging results over one period of oscillation. Subtracting the mean flow from the full results yielded the fluctuating flow field, which was saved every 1/16th of a period. Interestingly, a steady flow solution was also found numerically at Gr = 49000 by a stepwise increase of Gr up from Gr = 39000 in steps of ∆Gr = 1000. A comparison between the flow fields of the two solutions is presented in figure 10 . The mean velocity field of the oscillatory flow (figure 10 (I)) and the steady velocity field (figure 10 (II)) are visualised by projection onto the three principal planes, V l , H l and V t . The mean flow of the oscillatory solution is clearly different from that reported by Henry & Buffat (1998) for P r = 0 and a cavity of relative dimensions 4 × 2 × 1, i.e. of larger widthwise confinement than in the present case. In
Henry & Buffat's geometry, the mean flow was closely related to the two-dimensional result, with evidence of a transition to a multi-cell structure. By contrast, both the steady and the mean flow shown in figure 10 For Pr = 0.019, the asymmetric solution is lost when the Grashof number is decreased from Gr = 44000 to Gr = 43000, whereas the Hopf bifurcation point was located at Gr c (num) = 46360. In addition, the oscillatory flow was initially reached by stepping the Grashof number directly to Gr = 60000. Indeed, as indicated above, a stepwise increase of Gr from Gr = 39000 showed that a transition from an S r symmetric steady flow directly to the S r asymmetric, oscillatory flow takes place at Gr 50000. The above evidence suggests that the transition to oscillatory flow takes place through a bifurcation sequence consisting of a sub-critical symmetry-breaking bifurcation followed by a supercritical Hopf bifurcation on the asymmetric branches, as shown schematically in figure   11 .
Experimentally, the steady flow appears to bifurcate directly and super-critically to a time-dependent state. However, it is likely that the symmetry about H t of the numerical model does not exist in the experiment because it is naturally broken by non-Boussinesq perturbations. Indeed, despite the accurate experimental control of the boundary conditions discussed in §3, the lack of S r symmetry is inherent in the experiment and increases with Gr, due to the monotonic variation of the material properties of gallium along the length of the enclosure. For instance, at Gr = 49100 and P r = 0.019, the Prandtl number decreases by approximately 11% between the cold end and the hot end, the dynamic viscosity decreases by approx. 6.4% and the thermal conductivity by 5.3%. These are significant non-Boussinesq perturbations whose influence only becomes evident when focusing on the details of the transition to time-dependence.
The study of the oscillatory component of the flow field indicates that the Hopf bifurcation breaks the remaining reflection symmetry S. A symmetry-breaking Hopf bifurcation is characterised by an anti-symmetric perturbation, and the oscillatory solution preserves the S symmetry between states separated by half-a-period, as discussed in detail by Henry & Buffat (1998) . Consequently, the fluctuating flow field projected onto the H l plane is found to be T /2 periodic, as shown in figure 12 with a sequence of snapshots sampled every 1/8th of a period.
In order to relate the oscillatory flow to the time series presented in figure 9 , temperature fluctuation profiles sampled centrally (x = 0 and z = 0), across the width of Figure 12 . Fluctuating velocity field projected onto the H l plane, and viewed from above: (a)
The parameters are Gr = 49000, P r = 0.019.
the cavity, y, over a period of oscillations, are plotted in figure 13 . Again, it is clear that the oscillatory state breaks the remaining reflection symmetry S about the V l plane (y = 0). Thus, the temperature signal measured halfway across the cavity retains a small amplitude (which decreases to zero at onset), and it has twice the frequency of the signals measured elsewhere in the enclosure. The spatial distribution of the temperature oscillation shown in figure 13 has the form of a standing wave with a central node.
The spatial distribution of the temperature oscillation is a robust feature of low Prandtl number side-wall convective flows. Indeed, similar phase relationships were observed by Juel et al. (2001) for a bulk flow which presented a strong heat loss induced asymmetry about the axis H t , compared to the present flow where it has been minimised (see Hof et al. 2003) . In both cases, however, the bulk flow preserves the symmetry about the V l plane, which we have seen above is essential to observe the phase relationships displayed in figure 9 . Interestingly, the experiments of Although the origin of the oscillatory instability found in this study is different from that uncovered by Henry & Buffat (1998) , both oscillatory transitions occur after an S symmetry breaking and the resulting oscillatory flows have similar characteristics. In particular, the phase relationships and the standing wave character of the oscillatory mechanism appear to be a direct consequence of the S symmetry-breaking. The above results demonstrate that the oscillatory flow is dominated by the shear of the mean flow, and primarily by the variation of the mean, horizontal velocity with respect to the vertical direction. This suggests that the origin of the oscillatory instability is purely hydrodynamic. Finally, the production and dissipation of kinetic energy is concentrated in the central part of the cavity, around the region of high shear depicted in figure 10.
Conclusion
A careful investigation has been presented of the transition to oscillatory flow in sidewall convection in molten gallium, in a parallepiped cavity of dimensions 5.0 × 1.3 × 1.0.
The direct comparison between numerical simulations of the three-dimensional Boussinesq model, and a carefully controlled experimental system, leads to a detailed understanding of the onset and spatial characteristics of the oscillatory flow. In addition, we were able to assess the validity of the Boussinesq approximation in a flow field which has practical significance. The onset of time-dependence takes place through super-critical Hopf bifurcations in both numerics and experiments. The critical thresholds are in good agreement and the loci of Hopf bifurcations in the Gr−Pr plane are qualitatively similar.
However, the details of the bifurcation sequences leading to transition are different. In the numerical simulations the steady flow first loses stability to a pair of S r asymmetric states through a sub-critical pitchfork bifurcation. It is then followed by super-critical Hopf bifurcations on the asymmetric branches. The absence of the steady S r symmetrybreaking bifurcation in the experiment is attributed to non-Boussinesq perturbations which increase with Gr.
Importantly however, the oscillatory flow itself is found to be robust despite the sensitivity of some characteristics to imperfections in boundary conditions. The oscillation is anti-symmetric about V l , so there is a 180
• phase shift across the width of the cavity and the velocity field projected onto the V l plane is T /2 periodic. Analysis of the energy contributions to the oscillatory flow suggests that the instability is purely hydrodynamic in nature, and arises due to the high shear in the central part of the cavity. The numerical and experimental frequencies of oscillation close to onset are in excellent agreement.
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